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Abstract: We present a new Little Higgs model, motivated by the deconstruction of a five- 
dimensional gauge-Higgs model. The approximate global symmetry is 5*0(5)0 x 5*0(5)1, 
breaking to 50(5), with a gauged subgroup of [SU{2)ql x U{\)qr] x 0(4)i, breaking to 
SU{2)l X C/(l)y. Radiative corrections produce an additional small vacuum misalignment, 
breaking the electroweak symmetry down to U{\)em- Novel features of this model are: the 
only un-eaten pseudo-Goldstone boson in the effective theory is the Higgs boson; the model 
contains a custodial symmetry, which ensures that T = at tree-level; and the potential 
for the Higgs boson is generated entirely through one-loop radiative corrections. A small 
negative mass-squared in the Higgs potential is obtained by a cancellation between the 
contribution of two heavy partners of the top quark, which is readily achieved over much 
of the parameter space. We can then obtain both a vacuum expectation value of f = 246 
GeV and a light Higgs boson mass, which is strongly correlated with the masses of the 
two heavy top quark partners. For a scale of the global symmetry breaking of / = 1 TeV 
and using a single cutoff for the fermion loops, the Higgs boson mass satisfies 120 GeV 
< Mh ^ 150 GeV over much of the range of parameter space. For / raised to 10 TeV, 
these values increase by about 40 GeV. Effects at the ultraviolet cutoff scale may also raise 
the predicted values of the Higgs boson mass, but the model still favors Mh ^ 200 GeV. 
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1. Introduction 

The mechanism of electroweak symmetry breaking and the stabilization of the weak scale 
are two of the most important unresolved questions in particle physics. The Standard 
Model (SM) Higgs boson offers the simplest answer to the first question, but it leaves 
the second question unresolved. In fact, the SM Higgs boson is unstable under quantum 
corrections, as its mass is naturally driven to the ultraviolet cutoff scale. Over the past 
decade a class of theories known as Little Higgs (LH) models has been proposed as a 
way to extend and stabilize the SM [^-|2^]. In LH models the Higgs boson is a pseudo- 
Goldstone boson of an approximate and spontaneously broken global symmetry. The latter 
is explicitly and collectively broken by extended gauge and Yukawa sectors, in such a 
way that the Higgs acquires a potential only if two or more couplings in the gauge or 
Yukawa sector are simultaneously switched on. Since quadratically divergent one-loop 
contributions to the Higgs mass can only arise from diagrams involving one coupling, it 
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follows that these have to cancel. This is very similar to the super symmetric scenario, in 
which the superpartners cancel the SM quadratic divergences. However in LH models the 
cancellation occurs between particles with the same spin, with interesting and extensively- 
studied collider signatures p^-[p7|. 

Clearly, for a LH model to be realistic the generated Higgs potential must have a 
nonzero vacuum expectation value (vev). Furthermore, the electroweak vev v must be much 
smaller than the vev / associated with the spontaneous breaking of the larger symmetry 
group, since the main goal of any LH model is to naturally generate a hierarchy of scales 
between v and the new-physics scale /. This implies that the ratio of the negative mass- 
squared, m^, to the quartic coupling. A, in the Higgs potential must be small in magnitude 
compared to Typically in LH models, receives its dominant contribution from 
loops with the heavy partner of the top quark (which is required in the theory to cancel 
the quadratic divergence from the top-quark loop). However, the dominant contribution 
to A is also typically generated by loops of the same heavy top quark partner, so that a 
sufficiently large A is not generated radiatively. For this reason, other effective operators 
are introduced into the theory, whose coefficients depend on the details of the ultraviolet 
completion, but whose size can be estimated by naive dimensional analysis. For instance, 
in the Moose-type models, such as the Minimal Moose |^, the quartic coupling arises from 
plaquette operators; in the Littlest Higgs the quartic coupling arises from a hard mass- 
squared for the additional scalars in the theory, which are then integrated out by equations 
of motion; and in the Simplest Little Higgs ||l^ model it arises from a small mass term 
for the scalars. One disadvantage of this approach is that the unspecified coefficient of the 
new operator introduces an additional degree of unpredictability in the effective theory. 
Furthermore, even with the new contribution to A, there must still be some amount of 
cancellation of the contribution to of the heavy top quark partner if one is to obtain a 
reasonably light Higgs boson p8| . 

A second requirement for the Higgs sector is the absence of large isospin violation. This 
is usually achieved by enlarging the overall global symmetry group to include SU{2)l x 
SU{2)ji, which in a LH model can be done minimally by imposing an SO{5) symmetry |10| . 
This can create some problems in models with two Higgs doublets, with a potential which 
requires their vev's to be misaligned. This misalignment is a source of custodial isospin 
violation, which shows up in the form of dimension-six operators when the heavy states are 
integrated out. In Ref. |12| this problem is avoided by constructing a model with a single 
Higgs doublet and an approximate custodial SU{2)c, an extension of the Littlest Higgs 
with a coset SO(9)/ S0{5) x 50(4). The electroweak constraints can also be weakened 
by introducing "T-parity" , a new discrete symmetry under which the heavy fields are odd 
and the SM fields are even [14, 17, Then no effective operators are generated from 
tree-level exchanges of a single heavy field, since a vertex must contain an even number of 
these. 

In this paper we introduce a LH model in which the only un-eaten scalar field is 
the Higgs boson, electroweak symmetry breaking is fully radiative, and an approximate 
custodial symmetry suppresses the sources of nonstandard isospin violation. The model is 
based on an 50(5)0 x 50(5)i global symmetry, of which the [SU{2)ol x U{1)or] x 0(4)i 
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subgroup is gauged. The global and gauged symmetry structure is similar to that of 
the Custodial Minimal Moose model [10|; however, in our model there is only one non- 
linear sigma field, with the result that the Higgs boson is the only spin-zero field in the 
theory and there are no plaquette operators. The gauge sector of this model has also 
been considered in Ref. |29|. Our model is inspired from the deconstruction of an SO{5) x 
U{l)x gauge-Higgs model |3C], which uses the fact that the 50(5) structure is the minimal 
way to accommodate a gauge-Higgs and custodial symmetry. In addition, it suggests the 
inclusion of fermions in terms of 50(5) multiplets, with a simple implementation of the LH 
mechanism in the Yukawa sector. The novel feature of this fermion sector is that a second 
heavy top quark partner produces canceling contributions to the m? term in the Coleman- 
Weinberg potential, so that it can easily be made small and negative. As a consequence, 
the radiative Higgs quartic coupling, although small, is large enough to trigger spontaneous 
symmetry breaking with v <C /, and the effective theory is more predictive than in LH 
models in which the quartic coupling arises from additional operators. In particular, the 
Higgs boson is naturally light in this model, with a mass that depends predominantly on 
a single mixing angle, sin^ 6t, in the top quark sector. For / = 1 TeV and 10 TeV, we find 

^ 150 GeV and Mh ^ 190 GeV, respectively, over most of the range of sin^ 0t. Even 
after including effects of unknown fermion dynamics at the cutoff scale, the assumption 
that the Higgs potential is dominated by calculable contributions at one loop leads to a 
light Higgs boson over much of the parameter space. 

The remainder of this paper is organized as follows. The gauge and fermion sectors 
of the theory are introduced in Sec. § and ^, respectively. In Sec. § we compute the 
Coleman- Weinberg potential and analyze the parameter space in which we can obtain 
both V = 246 GeV and a light Higgs boson mass. In Sec. |5| we compute the tree-level 
electroweak parameters, and derive the experimental bounds on the 50 (4) i coupling (gi) 
and /. Finally in Sec. |6| we offer our conclusions. Detailed calculations for the mass 
matrices and the Higgs potential can be found in the appendices. 



2. Gauge Sector 

The gauge symmetry of our model is 5C/(2)^ x U{1), which is embedded in an approximate 
50(5) X 50(5) global symmetry. The global symmetry is then broken spontaneously to 
the diagonal 50(5) by a non- linear sigma field. This symmetry structure is represented 
in Fig. H by a moose diagram consisting of two sites, and 1, where the outer circles 
are the global 50(5)'s and the inner ellipses are the gauged subgroups. In terms of the 
moose site indices, the global symmetry can be written 50(5)o x 50(5)i, while the gauged 
subgroup is [5C/(2)ol x U{1)or\ x [SU{2)il x 5C/(2)i/j]. In this description the L and R 
subscripts indicate the two commuting SU{2) subgroups of 50(5), while U{1)or is a U{1) 
subgroup of 5f/(2)o_R. Note that the model can be considered a severe deconstruction of 
the 5-dimensional 50(5) x U{l)x Gauge-Higgs model of Ref. fs^, where the extra U{l)x 
symmetry has been removed. In terms of this deconstruction, the sites and 1 are the two 
end-branes of the 5-dimensional interval, while the non-linear sigma field plays the role of 
the fifth component of the gauge fields in the bulk. 
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Figure 1: Moose diagram for the model. The approximate global symmetry is 50(5)0 x 'S'0(5)i, 
with an embedded gauge symmetry of [SU{2)ql x U{l)aR\ x 0(4)i = [SU{2)ql x U{1)qr\ x 
[SU{2)iL X SU{2)iR X Pilr]. 



The non-linear sigma field is parametrized by 

S = e^'■-^^^/^ (2.1) 

where we have chosen the normalization, tr (T'^T'^) = 5"^^, so that the gauged SU{2) 
sub-matrices have the conventional normalization. A convenient basis for the ten S0{5) 
generator matrices is {Tg, Tg, r\ T^, T"^}, given in Appendix ^ in Eq. ( [A.3| ). Under 
an 50(5)0 X SO{5)i transformation, the sigma field transforms as S — )• UqHUI, where C/0,1 
are 50(5) matrices in the fundamental representation. Gauging the [5f7(2)oL x C/(1)o_r] x 
[SU{2)iL X SU{2)ifi] subgroup leads to the following covariant derivative 

D^S = a'^S-25oL<i:T£S-igoRi?M^ + ^5iL<i:ST£ + i5iR<A'^r^- (2-2) 
With this we can write the Lagrangian density for the gauge and sigma fields as 



+ Vtr 
4 



(I)^S)(D^S)t . (2.3) 



In this paper we shall write giL and gm as if distinct. However, in models similar to ours 
it has been found that promoting an SU{2)l x SU{2)ji gauge symmetry to 0(4) turns out 
to protect the tightly constrained ZbibL coupling from large loop corrections 32, [SSj . 



For this reason, and for simplicity, we will choose gn = giR = gi for any computations, 
imposing the L-R exchange symmetry Pur necessary for the full 0(4)i ~ SU{2)il x 
SU{2)iR X PiLR- However, we will not compute the ZbibL coupling, as well as other 
electroweak observables at one loop, leaving this for future work [06| . 

With the gauged subgroups embedded in the global 50(5)o x 50 (5) 1 as given by 



Eq. (2.2), a vacuum alignment of (S) = 1 spontaneously breaks the gauge symmetry 
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[SU{2)oL X SU{2)il] X [U{l)oR x SU(2)ir\ down to the SM electroweak group SU{2)l x 
U {1)r=y- There are 6 exact Goldstone bosons, which wih be eaten by 6 hnear combinations 
of the gauge fields, giving them masses of order the symmetry breaking scale /. The 
remaining 4 dynamical fields contained in S have exactly the right quantum numbers to 
play the role of the standard model Higgs doublet H. Although H is not an exact Goldstone 
boson, we note that the gauge sector of the model has the collective symmetry breaking 
necessary to forbid any quadratic divergences to the Higgs effective potential at one loop. 
If we set the couplings to zero at either site or at site 1, the global 50(5) symmetry at 
that site becomes exact, and all 10 pion fields, including the Higgs doublet, become exact 
Goldstone bosons. Thus, any field-dependent term in the Higgs effective potential must 
have contributions collectively from both the couplings at site and at site 1, which can 
only contain quadratic divergences at two loops or higher. 

Working in unitary gauge, where we set the eaten Goldstone boson fields to zero, we 
can identify if in S by letting 



n = V27r^r^ 




where 



with 



H = 




and H = —ia2H* = 



h, = 



V2 
1 

V2 



= ^(TT^+iTT^) 



Expanding and re-organizing the S field, we obtain 



S = e^n/-^ = 1 



where 



s = sin 



'V2\H\ 



V2\H\ 



and 



2\H\^ 



(1-c) 



c = cos 



'V2\H\ 
f 



(2.4) 



(2.5) 



(2.6) 



(2.7) 



(2.8) 



and \H\ = (/i? + /ii)V2. 

Any further misalignment of the vacuum will result in a vacuum expectation value for 
the Higgs doublet. 



1 



(2.9) 



breaking the gauge symmetry completely down to U{1)em- Determining the value of v 
requires an analysis of the effective potential, which we do at one loop in this paper. For 
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this we need the mass terms for the gauge bosons, as a function of the Higgs field, which 
we can take to be along the direction of its vacuum expectation value, without loss of 
generality. Using the expression Eq. ( |2.7| ) for E in the gauge Lagrangian, Eq. (^), we 
obtain 

>Cmass = ^ l^gLK^W^L^ + 9'orB^rBor^ + 9hW^^W,% + gfuW^^W^X 
-2(1 - a) Q^LQxLW^WtL^ - 2agoL5ii?<i:^^iV 
-2a5oi?ffiLi?o^R^i% - 2(1 - a) g^R9mB^^^Wl^^ \ , (2.10) 



where 



1 , 2 f \H\\ 

a = - (1 — c) = sin —=- 
2^ ' \V2fJ 



(2.11) 



For a = the mass matrices can be easily diagonalized. The charged gauge boson 
masses are 



M. 







(2.12) 



and the neutral gauge boson masses are 



H/3 



M 



B 



M: 



Zl 



M: 



Zr 








(2.13) 



The massless states, W"" and B, correspond to the unbroken SU{2)l x U{1)y gauge sym- 
metry. 

For a nonzero vacuum expectation value, {\H\) = v/\/2, it is also straightforward to 
solve for the mass eigenvalues exactly. There is one massless neutral boson, corresponding 
to the photon, and the remaining neutral and charged gauge boson masses can be obtained 
as the solutions to two cubic characteristic equations. In Fig. Q we plot the light W and 
Z boson masses and in Fig. |^ we plot the heavy gauge boson masses as a function oi v/ f 
for representative choices of the parameters: g\ = Q and / = 1 TeV. Clearly, for / = 1 
TeV the only allowed value of v/ f is ~0.246, but it is nonetheless interesting to note the 
symmetry of the solutions under the exchange of (v/f) -f-T- (tt — v / f) . This is a result of 
the parity symmetry, Pilr, which holds when giL = giR- Under this symmetry: 
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Figure 2: Light gauge boson masses (W and Z) as a function of v/f, for = 6 and / = 1 TeV. 
The upper curve is M z and the lower curve is Mw ■ 
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Figure 3: Heavy gauge boson masses as a function of v/f, for gf ~ 6 and / = 1 TcV. The curves 
from top to bottom are Mz^ , Mw^ j Mz,^ , and Mw^ ■ 
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The matrix P satisfies PT^ j^P = T^j^. It can be shown that the transformed field S' 
is related to the original field S by a shift of v/f — v/ f + tt, up to an overall 0(4)i 
transformation. This, coupled with the discrete H o —H symmetry of the model, results 
in the symmetry of the mass solutions. 

As required by a little Higgs model, we will want v/f to be small. Thus, it is useful 
to solve for the masses and mixings perturbatively in a ~ [v/ (2/)]^. At leading nonzero 
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order in u//, the massless charged gauge bosons, W , gain a mass 

M^± « IgW , (2.15) 

while the massless neutral gauge bosons, and -B, mix exactly as in the standard model 
to give the photon A and the Z boson with masses 

Ml = 

Ml ^\{9l + 9l)v\ (2.16) 

where we have defined the couplings gi and gn by 

1 _ 1 1 

5i %L ail 

111 , , 

— = — + — • (2-17) 

9r 9or 9iR 

Note that gi and gn play the roles of the standard model SU{2)l and U{1)y gauge cou- 
plings, respectively. Of course, the photon is exactly massless, being associated with the 
unbroken U{1)em, with coupling constant e given by 

1 _ 1 1 _ 1 1 1 1 

9i 9r 9tL 9tL <?ofl 9tR 

More details of the gauge boson masses and mixings are given in Appendix 

3. Fermion Sector 

In this section, we will consider only one generation of quarks, although multiple generations 
of quarks and leptons can be incorporated as well. We are motivated by the deconstruction 
of the 5-dimensional S0{5) xU{l)x Gauge-Higgs model of Ref. [^] , but the implementation 
of fermions in our model benefits from the additional flexibility afforded by the general non- 
linear sigma model method. In particular, we shall let all of the fermion fields transform as 
non-trivial representations of the global 50(5)0 symmetry at site only, and as non-trivial 
representations of the corresponding gauge symmetries, SU{2)ql x U{1)or. 

For each generation of quarks in the standard model, we will have three multiplets of 
50(5)0, ii^^, '0'^! "0*^)) one each for the left-handed quark doublet Ql, the right-handed 
up quark ur, and the right-handed down quark dR, respectively.* The multiplets are Dirac 
multiplets, in that each comes in a right-handed and left-handed pair. 




= , (3.1) 



except that the standard model fields within the multiplet are missing their Dirac partners. 
For example, the Ql field resides in the multiplet tpf^, which transforms as the fundamental 



*Due to our unfortunate choice of notation, we will be using the subscripts L and R to label the chirality 
of the fermion fields, as well as the two gauged subgroups of SO{5). When applied to a fermion field, the 
subscripts always denote the chirality. Everywhere else they label the subgroup of 5*0(5). 
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5 of SO{5), while the corresponding tp^ multiplet is missing the Qr field. In terms of 
component fields we have 





(3.2) 



where 



Q 



d ] and X = 



y 



Q 



X 



(3.3) 



transform as doublets under SU{2)ql and u transforms as a singlet. Under U{1)or the 
fields transform with a charge given by F = r| + gx, where qx = +2/3 for quarks and 
qx = for leptons^ . In this way, we find that the electromagnetic charge of each component 
field is given by 



= Tl + n + qx = Tl + Y , 



(3.4) 



a result which holds for the component fields in each SO{5) multiplet. Throughout this 
paper, we will use the symbols y, u, and d to indicate the electromagnetic charges of the 
fields by q^Miv) = +5/3, ^smW = +2/3, and q^Mid) = -1/3. 

The right-handed up quark field ur resides in the multiplet , which also transforms 
as the fundamental 5 of SO (5), and has a corresponding Dirac partner multiplet i/jf, which 
is missing the ur, field. In terms of component fields we have 





B 




(q\ 


B 


(I) 


■ 




X 










[u) 


R 



(3.5) 



As with the previous multiplets, the Q and x components transform as doublets under 
SU{2)oL, the u component transforms as a singlet, and all component fields transform 
with charge Y = T^ + qx under C/(1)or. 

Finally, the right-handed down quark field (Ir resides in the multiplet which trans- 
forms as the adjoint 10 of SO{5), and has a corresponding Dirac partner multiplet tp^, 
which is missing the field. In terms of component fields we have 



^2 



1 

71 



-u 



-y 







-y 
-x^ 








(3"\ 



u ' 



^y 



c 



(j) u x" 

-Q'^ y 



tin the extrar-dimensional gauge-Higgs model the charge qx arises from the extra U{l)x bulk gauge 
symmetry. In our model, we are free to give the fermion fields any charge Y under the U{\)or, and so qx 
corresponds to the difference between Y and the canonical charge T|. 
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7i 
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—u 




-d 


Q"\ 















-y 





u+ 









-y 


0^ 




V 








Q"" J 



c 



(3.6) 



where 



It 



± 



%/2 



(3.7) 



Under SU{2)qi, the fields transform as triplets, the fields Q and x transform as doublets, 
and the fields y, u, and d transform as singlets. Under f7(l)oi? the fields transform with 
a charge given hy Y = + qx (with T]^ in the adjoint representation for V*^)) so that 
Eq. (jsj) holds for all fields. 

The Lagrangian density for the fermion fields with Dirac masses can be written 



+ i tr [tP^ Ipil)^) - Ac/tr (^'^V'*^) , 



Bj.B 



(3. 



where the covariant derivatives are 



D^^^|;<^ = 9^^^ - igoLW^^ [Tf, ^|;^] - igoRB^^ ( [r|, V^^] + c^xV'^) • (3.9) 

With this Lagrangian all ip^ fields have a Dirac mass Ma = Aa/, all fields have a 
Dirac mass Mb = A^/, and all ^'-^ fields have a Dirac mass Mc = Xcf^ except for the 
fields with missing partners, which are massless. For each generation of quarks there will 
be five heavy charge +5/3 fermions: one with mass M^, one with mass Mb and three with 
mass Mc- There will be three heavy charge -1/3 fermions: one with mass Mb and two 
with mass Mc- There will be eight heavy charge +2/3 fermions: two with mass Ma, two 
with mass Mb and four with mass Mc- The fields Qf^, u^, and remain massless at this 
point. 

Let us consider how to give the light fermions a mass, by noting the symmetries of 
the Dirac mass terms in Eq. ( |3.8[ ). They are written to appear symmetric under the 
SO{5)o transformation tp^^'^^ — )• UqiP^^'^^ and ifj^ — )• Uqi^^Uq] however, this symmetry is 
explicitly broken by the missing partners in the 50(5) multiplets. On the other hand, the 
SO{b)i symmetry is preserved by default. In addition, there is a global U{1) symmetry 
associated with each of the ip^, ip^ , and ip^ fields, which must be broken to give the light 
fermions a mass. 

We can create objects that transform under the SO{f))i symmetry, by multiplying the 
complete fermion multiplets by the S field: = S^^V'l; = ^^V'r) and ip'^ = E^Vr^- 
Since the 50(5)1 symmetry is broken explicitly by the gauge interactions to 0(4)i, we can 
include this breaking by projecting onto 0(4) invariant subspaces, using the 0(4)-invariant 
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vector, 



E 









(3.10) 



It is useful to think of this vector as a spurion field which transforms as -E — >• UiE under 
the 50(5)1 transformation. In this way, we can write three Yukawa terms for the fermions 
that have the 50(5)1 symmetry broken purely by the vector E. They are 



Yukawa 



Ai/ (VSf S) EE^ (stV^f ) + V2X2f (^f S) (1 - EE^) (st^^gs) E 
+A3/ (^f S) (1 - EE^^ (stV'l) + h.c." 
Ai/ (V^f S) EE^ (stV^f ) + V2X2f (V^f VgS) E 
+A3/ (V^f S) (1 - EE^ 



SVI) +h.c. 



(3.11) 



where we have used the 50(5) transformation properties of the adjoint representation to 
simplify the second term. Note that these three terms correspond directly to the three 
"brane" mass terms in the 5-dimensional S'0(5) x U{l)x Gauge-Higgs model of Ref. pO|| . 
In addition we note that the Yukawa terms of Eq. ( |3.12| ) preserve the 50(5)0 symmetry, 
while the Dirac mass terms of Eq. ( |3.8[ ) preserve the 50(5)i symmetry, so that the fermion 
interactions also exhibit the collective symmetry breaking that is necessary to cancel the 
one-loop quadratic divergences to the Higgs potential. 

According to Refs. [^, the term with A3 results in a large negative correction to 
the T parameter in extra-dimensional models. Furthermore, we can forbid this term if we 
assume that the terms that simultaneously break the 50(5)i and the global C/(l)'s in the 
fermion sector must be proportional to E. Thus, we will follow the lead of Ref. ||3^ and 
set A3 = 0. Expanding in terms of component fields, we obtain 



Yukawa 



iscXif 

7W\ 



is\2f 
V2\H\ 



QfH)d% + ... + h.c. 



(3.12) 



which contains the same Yukawa terms for the light fermions as in the standard model. If 
we assume that A(i^2) ^ ^(A,b,c)j then this results in masses for the up and down quarks 
of 



Xiv 

\2V 



(3.13) 



while the heavy fermions get only small shifts from their masses of Ma, Mb, Mq. In 
general, Ai and A2 will be matrices in generation space, leading to weak mixing and the 
CKM matrix. 
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2.0 





Figure 4: Charged +2/3 fermion masses, in the top quark sector, as a function of w//, for / = 1 
TeV, = Ai = \/2Xt and Xb — 0.981At. The curves from top to bottom are Mt^, Mtb, and Mf. 



The only quark for which the approximation Ai <C X(a,b,c) hold is the top 

quark. If we take Ai for the top quark sector of the same order as X(a,b,c) '^^ that the 
charge +2/3 fermions of V'c and one hnear combination of each of the charge +2/3 fermions 
of 'i/'A a-iid '0_B have mass eigenvalues unaffected by the Yukawa term. The remaining three 
linear combinations mix due to the Yukawa term and have masses, to leading nonzero order 
in v/f, of 

Mt « Xtv/V2 
Mt^ « ^Jxl + Xlf (3.14) 

where we have defined 

i = i + i- (3-15) 

We see that even for Ai not small, the top quark mass is down by a factor oiv/f compared 
to the heavy quarks. It is possible to obtain these three mass eigenvalues exactly as the 
solution of a cubic characteristic equation. The three masses are plotted as a function of 
v/f in Fig. ^. More details of the fermion masses and mixings in the top quark sector are 
given in Appendix Q 



4. Effective Potential 



In our model, the vacuum expectation value of the Higgs doublet is driven entirely by 
the radiatively-produced effective potential. The potential depends on 7 independent pa- 
rameters: {f,gi,goL,goR, Xa, Xb, Ai}. Here, we have chosen to equate the gauge couplings 
at site 1: gi = gn = giR- The fermion parameters Xa, Xb, and Ai are those for the 
third-generation quark sector. We note that the additional fermion parameters A2 and Ac 
can be neglected in the limit of zero bottom quark mass; A2 is directly proportional to the 
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bottom quark mass, while the heavy states in the "0*^ multiplet do not mix in this hmit. 
Finally, we must include a cutoff A for our theory. Using naive dimensional analysis, we 
choose this to be proportional to the symmetry-breaking scale / by A = 47r/. 

The seven parameters listed above are not entirely unconstrained, since we must recover 
the standard model at low energies. In particular we must recover the electroweak gauge 
couplings g = ql and g' = gR, the top Yukawa coupling Xt = \/2Mt/v, and the Higgs 
vacuum expectation value v. This results in four constraints on the above parameters. 
Three of these relations have been given previously in Eqs. ( 2.17 ) and Eq. ( |3.15D . Using 
Eqs. ( 2.17] ), it is possible to treat gi as independent, while fixing goi and goR by the 
relations 



1 



9m 



1 

7, 



9l 



1 



9l 



(4.1) 



Note that these equations imply that gi > gi.R- We impose Eq. ( p. 15] ) by defining a mixing 
angle in the top sector, 

sindt = , , (4.2) 

so that the top mass parameters are given in terms of 9t by \a = A^/ sin^^ and Ai = 
Xt/ cos Ot- The fourth constraint is that the minimum of the effective potential for the 
Higgs doublet is at {\H\) = vl\pl. In the following, we find it convenient to choose the set 
{/, sin ^t} as our free parameters, while varying As to minimize the effective potential 
at the correct value of v. 

The gauge and fermion contributions to the Higgs potential are generated at the one- 



loop level and can be expressed by the formulae of Coleman and Weinberg |38|. Because 
of the collective symmetry breaking, there are no quadratic divergences at this order; 
however, there are logarithmic divergences, which must be cutoff at the scale A = 47r/. 
The Coleman- Weinberg potential for our model can be written 



V 



gauge 



+ Vi 



fermion 



(4.3) 



where 

^auge 
fermion 



647r2 
3 



167r2 



2 Tr 



Tr 



A2 



+ Tr 



A^t;Wtop(S))'ln(' 



A^tA^top(S) 



A2 



A2 



(4.4) 



where A^^^", M\q^ and A^top are given in the appendices in Eq. ( |B.3| ), Eq. ( |B.9| ), and 
Eq. ( |C.5| ), respectively. In general, the logarithm of the cutoff, lnA2, may be accompanied 
by a scheme-dependent additive constant, which can only be determined within the high- 
energy completed theory. In this paper, we will set these to zero. 

We are now ready to explore the parameter space of the Coleman- Weinberg potential. 
Using the masses Myi/, Mz-, Mt and the Fermi constant Gj? as inputs, we impose the 
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Figure 5: Coleman- Weinberg Potential as a function of u//, for gf — 6, f — I TeV, Aa = Ai = 
\/2At and Xb — 0.981At. This choice of parameters gives v = 246 GeV and Mh = 130 GeV. 
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Figure 6: Same as Figure ^ but plotted with v/f ranging from to .4 to show the minimum in 
detail. 

constraints with gf^ = .426, gj^ = .122, A^ = .990, and require a minimum of the potential 
at V = 246 GeV. We consider the following range of parameters: 

• 5 < gj < 47r 

.1 < sin^ 6lt < .9 (4.5) 
1 TeV < / < 10 TeV , 

which assumes that none of the dimensionless parameters in the set {gi, goL, 9oR, ^A, 
are too large. Within this range of parameters, we find that it is always possible to obtain 
two values of Ab for each choice of {/, 51, sin 9t} that give the correct vev. In Figs. ^ and ^ 
we plot the potential for a typical set of parameters {/ = 1 TeV, gf = 6, sin^ 6*4 = 1/2} 
with Xb = 0.981 Ai, that gives v = 246 GeV and Mh = 130 GeV. 

Before discussing the two different branches of solutions for A^ further, it is useful to 
consider the Coleman- Weinberg potential, expanded for small values of the Higgs field H. 
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Figure 7: The "small- A///" branch of solutions for Xb/{\a/V^) as a function of sin^ 6t for / = 1 
TeV and for three different values of gi. From top to bottom the three curves correspond to gl — 0.5, 
gl = 27r, and = An, respectively. 



We have 

V = m^H^H + \{H^Hf + • • • . (4.6) 

The full expressions for m? and A are given in Appendix however, we find that the 
qualitative features of the two solutions can be understood from the dominant fermion- 
loop contributions to m? = mg^uge + "T-fermion- obtain 



-L.ion = ^ mA - M'tA) 1- 77^ - o + TJT^^ 1- 7# ' (4-7) 




with Ml^ = {X\ + A?)/2 and = \lf\ 

Note that "T-fei-mion ^^'^ either positive or negative, due to the collaboration of the two 
heavy fermions. In fact, in order to find a Higgs vacuum expectation value with u <C /, it is 
necessary that the contributions to nif^^^:^^^ cancel to some degree. As suggested above, this 
can happen in two different ways. Firstly, one could cancel the coefficient of the divergent 
logarithm InA^, which is proportional to (2M|^Af - M^^Xf) = Xjf{2X% - X\). This 
cancels exactly for As = Xa/V^, giving a completely finite fermion contribution to the full 
Coleman- Weinberg potential at one loop. The choice A^ ~ Xa/V^ also gives a reasonable 
approximation to the first ( "small- M//") branch of solutions for A^. This can be seen in 
Fig. 0, where we plot Xb/{Xa/V^) for this branch as a function of sin^ 9t for / = 1 TeV 
and for three different values of gf. Over most of the range of sin^ 9t, we find Xb » Xa/V2 
within 10%. As we shall see later in this section, the simple relation between A^ and A^ 
is in general modified by ultraviolet effects, but it is still possible to find a choice of A^ 
that gives v = 246 GeV and a light Higgs boson for most of the parameter space. The 
predictions for the Higgs boson mass that correspond to the solutions given here are shown 
in Fig. ^ for / = 1 TeV and / = 10 TeV for the same three values of gf. For the range of 



parameters given in Eq. (4.5) we find 120 GeV< Mh < 320 GeV, with the lighter values of 
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Figure 8: The "small- A/^f" branch predictions for the Higgs boson mass as a function of sin^ 6t. 
The upper three curves are for / = 10 TeV, while the lower three curves are for / = 1 TeV. Within 
each set of three, the curves correspond from top to bottom to gf = 0.5, gf — 2tt, and gf = An, 
respectively. 

Mh corresponding to smaller values of Xa and larger values of Ai. In particular, for / = 1 
TeV, we obtain Mh ^ 150 GeV over a large range of sin^ Of. Interestingly, the predictions 
for Mh show very little dependence on the gauge coupling gi, with Mh varying by only a 
few GeV for 0.5 < < 47r. Furthermore, the predictions show only modest dependence 
on /, with A'Ih increasing by about 40 GeV as / is increased from 1 TeV to 10 TeV. 

The second ( "large- M/^") branch of solutions for can also be identified with a 
cancellation in ?7ifej.mion- ^^^^ cancellation occurs for large Mxg, with the result 

M|,^ « A^e~^/^. The exact solutions have 7 < As/ At < 9, with corresponding values of 
the Higgs boson mass of 380 GeV< Mh ^ 910 GeV. As with the other branch of solutions, 
we find that the values of A^ and Mh depend mostly on sin^ 9t, with little dependence on 
gi and /. On the other hand, this branch of solutions is probably not satisfactory, since it 
requires the mass Mxg of one of the heavy fermions to be of the same size as the cutoff A. 
In addition, this solution will be strongly affected by the inclusion of a scheme-dependent 
constant, InA^ — )■ InA'^ -|- 5p, which again shows that the theory with this choice of Xb 
will be strongly influenced by unknown dynamics at the cutoff. Finally, the larger values 
of Mh obtained for this branch of solutions also makes it less viable phenomenologically, 
as we will see in the next section. For these reasons, we focus on the "small-M//" branch 
of solutions in the remainder of this paper. 

One may wonder whether the "small- M//" branch of solutions is also strongly affected 
by ultraviolet physics at the cutoff scale. For instance, if there is a different cutoff associated 
with the fermions and the tp^ fermions, one might expect that the factor 



(2M|^A?-M|^A?) In 



A2 



A?/2(2A|-Ai)ln 



A2 
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Figure 9: Sensitivity of the "small- Mjj" branch predictions for the Higgs boson mass to non- 
identical fermion cutoffs. All four curves are for / = 1 TeV, gl = 2tt. The curves are labeled 
by (Ayi/A, As/A), where A = Anf. The dashed curves are the corresponding "large- Af_f/" branch 
predictions for the Higgs boson mass, which lie in the mass-range of this plot for A^/A = 1/2. 



which is strongly canceled in this branch of solutions, would be replaced by 

In Appendix ^ we present a modification of the fermion sector that leaves the fermion 
contribution to the one-loop Coleman- Weinberg potential for the Higgs boson finite, and 
has exactly the effect just described above. In this case there is an additional term in the 
potential, 

AFfermion = -Y|^/'A?s2|2A|ln^-Ailn^| , (4.8) 



which exactly cancels the dependence on the UV cutoff A in Vfermion of Eq. (4^), exchanging 
it for the dependence on the two large mass parameters, A a and A^. 
For A^ ^ Ab, the "small- Af//" solutions now occur for 



,2 MA'jMi: 



This implies that Mxg = Xsf is no longer completely determined by Af-r^ (or equivalently, 
by A A or sin 9t), since the relationship is modified by the ratio of logarithms of the unknown 
cutoffs, A^ and A^. However, the Higgs boson mass is still strongly correlated with the two 
heavy fermion masses Mt^ and M^g ■ In Fig. ^ we investigate the sensitivity of the Higgs 
boson mass to UV effects by plotting Mh as a function of sin^ 9t, while varying Aa and A^ 
together and independently between A/2 and 2A, where A = 47r/. We use / = 1 TeV and 
= 27r as representative values in this plot. As expected, and in contrast to the "large- 
Mh" branch of solutions, the prediction for the Higgs mass is very insensitive to varying the 
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scales together from {Aa/A,Ab/^) = (1/2,1/2) to (2,2), at least for 0.3 < sin^ 61* < 0.9. 
On the other hand, for (Ayi/A, A^/A) = (1/2,2) the predictions for Mh decrease by about 
25-40 GeV, while for (A^/A, A^/A) = (2,1/2) the predictions for Mh increase by about 
80 GeV. For this latter choice of cutoffs, it can be seen from the figure that a solution for 
V = 246 GeV is only obtained for 0.6 < sin^ 9t ^ 0.8. This is related to the fact that the 
"large- M//" solutions decrease in energy for smaller A^, as displayed by the dashed curves 
in Fig. ^. The sensitivity of the Higgs boson mass to non-identical fermion cutoffs can be 
understood largely in terms of the residual dependence of the Higgs quartic coupling A on 
the heavy fermion mass ratio M^g/MT^ (see Eq. (|D.5| ) in Appendix ^), which in turn is 
affected by Eq. ( |4.9[) . Thus, fixing the two heavy fermion masses largely determines the 
Higgs boson mass, with larger values of Mh correlated with larger values of Mt^ / Mtj^ for 
a given sin^^*. In addition, we note that over much of the parameter space the predicted 
Higgs boson mass is still below 200 GeV for a significant portion of the range of sin^ 9t- 

To conclude this section, we comment on the size of the fine-tuning-'- that is needed 
in this model to obtain a Higgs vacuum expectation value with v"^ <^ f'^. We have in- 
vestigated this issue by analyzing the fine-tuning of v'^ with respect to the parameters 
Pi e {giL,giR, goL,goR, Aa, Ab, Ai, Aa, A^}, where the fine-tuning with respect to pi is de- 



fined by Ap. = {pi / v'^){dv'^ / dpi) , following Barbieri and Giudice |34]. We then let the 
total fine-tuning be the combination of each of the separate fine-tunings in quadrature, 
A = (X^jAp.)^/^, subject to the constraints, ( 3.15 ) and (4T). Details of the formalism 



that we have followed can be found in Ref. |28|. For / = 1 TeV, g\j^ = = 2-k, and 
Aa = As = a = 47r/, we find values of A of ~ 100 — 140 for Higgs masses between 120 
and 160 GeV, with the dominant contributions coming from A;^^ and A;^^ (including the 
associated constraint). These values are comparable to the minimium values obtained for 
the Simplest [l^ and Littlest Little Higgs models, which are displayed in Fig. 13 of 
Ref. ||2^. The fact that the fine-tuning is of similar size in our model is not surprising, 
since all of the Little Higgs models considered in Ref. |^], as well as our model, contain 
the exact same large negative contribution to m?' from a heavy partner of the top quark: 

W^ = -gM|l„ii. (4.10) 

The different models have different mechanisms for (partially) canceling this term to obtain 
a light Higgs boson, but since the size of this term is comparable in all of the Little Higgs 
models considered, one would expect the amount of fine-tuning to also be comparable. We 
do note, however, that the amount of fine-tuning can be reduced in our model if we allow A^ 
and As to become as low as A/3, which reduces the logarithmic enhancement of the above 
term. In this case we can obtain values of A of ~ 40 — 50 for Higgs masses between 120 and 
160 GeV, with the dominant contributions now coming from Aa^ and Aa^ . These amounts 
of fine-tuning are typically below the values for the Minimal Supersymmetric Standard 



Model in the same range of Higgs masses as shown in Fig. 13 of Ref. [28|. Given the 



-'"We have not considered here the "hidden" fine-tuning necessary to maintain the global symmetry of 
the fermion couplings against non-symmetric running, as discussed in Ref. . Our model, like other Little 
Higgs models, is not obviously immune to this effect. 
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ambiguities in precisely quantifying the amount of fine-tuning, we prefer to be conservative 
in our conclusions from this investigation, taking away from it simply that the amount 
of fine-tuning in our model is comparable and typicahy no worse than other Little Higgs 
models. 



5. Electroweak Constraints 



The first place to consider for testing the experimental viability of any beyond-the-standard- 
model theory is in constraints from electroweak precision measurements. In our model, the 
electroweak observables receive tree-level corrections from the new gauge fields. In fact, 
although the standard model light fermions couple to all of the massive gauge fields, which 
are mixtures of the gauge fields at site and site 1, they are only charged under the 
SU{2)ql X ^(l)oR gauge symmetry. As a result, the corrections to low-energy observables 
occur only through electroweak gauge current correlators, and are thus "universal" in the 
sense of Barbieri et al. [09| ]. The correlators can be easily computed from the quadratic 
Lagrangian by inverting the subset of the propagator matrix involving the site-0 fields only. 
This leads to the following expressions for the electroweak parameters 1 3£ ] , to leading order 
in v'^ / p: 



S 
f 
Y 

W 



V 



2/2 



'svo? (pL + cot^ 6* s\v? 4>r) 



cot^ 



sm 



5k 



■ sin^ (t)L 



(5.1) 
(5.2) 
(5.3) 

(5.4) 



Here sini;^^ = gi/giL and sin0/j = gn/giR are defined in Eq. (B^) and Eq. (|B.ll ), 
respectively, and 9 is the weak mixing ang le defined in Eq. (|B.13| ). We can express the 
couplings gi = g and gji = g' in terms of a(M|), M^, and Gi?, and in addition we have 



1/{V2Gf) and 



sin 261 



47ra(M|) 



1/2 



(5.5) 



Notice that the corrections to the electroweak observables are not oblique, since nonzero 
values for Y and W signal the presence of direct corrections, corresponding to four-fermion 



operator exchanges at zero momentum [39, 40 1. Notice also that the custodial symmetry 
of the model ensures that T = at tree-level. 

The observables of Eqs.( |5.lD -(p.4|) depend on three unknown parameters: /, gn and 
giR. In an 0(4)i theory the two couplings are identical, gn = giR = gi, and thus 
we can nicely constrain the model in a two-parameter space (/, 5i). The global fit in 



Ref. [3S] to the experimental data implies that a heavy Higgs boson is only compatible with 
positive T; therefore, we only consider the "small- Mff" branch of solutions. The combined 
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Figure 10: Bounds on gi and / from combined experimental constraints on S, Y, and W, at the 
95% confidence level. 



experimental constraints on S, Y, and W, taken from Ref. [^] with the light Higgs fit, give 
the bounds of Fig. where the colored area is excluded at the 95% confidence level. The 
representative values used in the plots in the previous sections, / = 1 TeV and gf = G, are 



within the allowed region. The bounds in Fig. IC are not expected to be strongly affected 
by loop corrections; however, there may be constraints on the heavy top quark sector 
coming from one loop contributions to the T parameter. An analysis of these contributions 



is currently underway |36|| . 

Finally, we must comment on the fact that the couplings of the standard model fermions 
to the gauge boson eigenstates, given in Eqs. ( ^ ) and (|3.9|) , are not unique, in the sense 
that one can always add operators that correspond to renormalizations of the broken cur- 
rents: 



AC 



Dirac 



+ iKCi tr 



+ iKC2 tr 



(5.6) 



In the main discussion we have assumed that all of the fermions act as fundamental point 
particles, charged only under the SU{2)ql x U{1)qr gauge symmetry. In that case, the 
Ki coefficients would arise only perturbatively through loop diagrams, and we can assume 
them to be small. On the other hand, it is possible to imagine a more general scenario 
where these coefficients are of order one. In fact, in the deconstruction of the gauge-Higgs 
model of Ref. 



the fundamental fields that naturally appear are actually V'^' 



-0^' = S^'-i/'^, and ijj'^ = Y^^ip'^Ti, which are charged under the SU{2)\l x SU{1)ir gauge 



symmetry. This corresponds to the case where ka = hb = kci = i<-C2 = 1- this case 
the electroweak corrections are not "universal", and in addition, there will be a nonzero 
contribution to T. For these reasons, we have chosen the simpler fermion implementation 
of Sec. ^ and we assume that the are negligible. 

6. Conclusions 

In this article, we have presented a new Little Higgs model, motivated by the deconstruction 
of a five-dimensional gauge-Higgs model [^]. It is based on the approximate global sym- 
metry breaking pattern 5*0(5)0 x -50(5)1 SO{5), with gauged subgroups spontaneously 

breaking under the pattern [SU{2)ol x U{1)or] x 0(4)i 4 SU{2)l x U{1)y 4 U{1)em, 
where we have made the simplifying assumption of giL = Qir- The novel features of this 
model are these: the only physical scalar in the effective theory is the Higgs boson; the 
model contains a custodial symmetry, which ensures that T = at tree-level; and the 
potential for the Higgs boson is generated entirely through one-loop radiative corrections. 
Due to the collective symmetry breaking in the model these corrections have no quadratic 
divergences, depending only logarithmically on the cutoff of the effective theory. 

The fact that the electroweak symmetry breaking is fully radiatively-generated is a 
unique and intriguing feature of this model. In particular, it implies that the model is more 
constrained, and arguably more predictive, than other Little Higgs models. For instance, 
if we use a single cutoff A for the fermion logarithmic divergences, then once the scale / is 
chosen and the correct value of the Higgs boson vev, v, is imposed, we find that the Higgs 
boson mass, as well as the masses of the heavy partners of the top quark, depend almost 
exclusively on a single fermion mixing parameter, sin^^^. For the "small- M//" branch, we 
find for / = 1 TeV that the Higgs boson mass satisfies 120 GeV < Mh ^ 150 GeV over 
most of the range of sin^^t. For / raised to 10 TeV, these values increase by about 40 
GeV. If we take into account possible UV effects in the fermion sector by introducing two 
distinct fermion cutoffs and A^, we still find that the Higgs boson mass is correlated 
with the masses of the heavy top quark partners, and it lies below 200 GeV for much of 
the parameter space. 

The radiative symmetry breaking is achieved in this model with an amount of fine- 
tuning that is of similar size as in other Little Higgs models. The relation v <^ f is obtained 
by a cancellation between the contributions of two different heavy top quark partners to 
the Higgs boson mass-squared. Once this cancellation is achieved, the Higgs boson is 
automatically light in the "small- M//" branch of solutions, with the phenomenologically- 
viable range of masses given above. This contrasts with other little Higgs models, where 
an additional operator is included to give a large Higgs quartic coupling and v <C /, but 
a similar cancellation of contributions to is still necessary to keep the Higgs boson 



light H]. 

We have analyzed the tree-level constraints on the model from electroweak precision ex- 
periments and found that the model is viable for a reasonably large and phenomenologically- 
interesting range of / and gi = gn = giR. The model introduces a number of new states, 
which may be probed at the LHC. In addition to the Higgs boson, there are two heavy 
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neutral vector bosons and two heavy charged vector bosons, whose masses and couphngs 
depend directly on / and gi. In the third-generation fermion sector, there are eight new 
heavy up-like quarks, three new heavy down-like quarks, and five new heavy charge 5/3 
quarks. The masses and mixings of some portion of these heavy top quarks will satisfy 
relations required by the radiative symmetry breaking and which depend on the Higgs 
boson mass. If the other generations of quarks follow the same multiplet structure, which 
is probably necessary to avoid flavor-changing neutral currents, this heavy fermion zoo will 
be multiplied by the number of generations. In addition, similar heavy partners for the 
leptons should exist. Since the decay rates of these heavy fermions to the SM fermions are 
proportional to mixing angles, which in turn are proportional to the light fermion masses, 
it is possible that some of these heavy particles may have long lifetimes, with interesting 
decay signatures. We expect there to be a rich phenomenology at the LHC, which demands 
a more detailed study |36|. 
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A. 5*0(5) Generator Matrices 

Here we give a basis for the ten 50(5) generator matrices that is particularly useful for 
our purposes. The 5x5 generator matrices in the standard basis are 



(A.l) 



5 are the row and 
5'"' 5^'^, so that the 



where a,b = 1 ... 5 (with a < b) are the generator labels, i,j = 1 
column indices, and we have chosen the normalization, tr (^x°'^T'^'^^ 
gauged SU (2) sub-matrices have the conventional normalization. 

It is possible to perform a similarity transformation on these matrices, T' = S^TS, such 
that two of them are simultaneously diagonal. For example, it is possible to diagonalize 
T'^^ and T'^^ by the matrix 
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(A.2) 



Applying this similarity transformation to all of the matrices and choosing convenient linear 
combinations of them, we obtain the following set of basis matrices: {T£, r]j, ,T'^ ,T^,T'^}, 



- 22 - 



where 



Tra 
r 




Tia 
R 



V 



o\ 




0/ 





/O 





1\ 




1 













2 





















1 






i^l 


1 


^) 




/O 













1 










-1 













\0 1 -1 











/ i \ 


-i 
\-i i / 



/O o\ 

i 

i 



\0 0/ 



(A.3) 



In the above expressions, / is the 2x2 identity matrix and a"" are the 2x2 Pauh matrices 
for a = 1, 2, 3. 



B. Gauge Boson Masses and Mixing 



From Eq. (2.10), we can obtain the mass terms for the neutral and charged gauge bosons 
of the following form: 

1 



(B.l) 



where the vectors and Z^^ are given by: 



(B.2) 



V Kr ) 

with W^^' = {W^^' =f iW'^i')/V2 for each of the SU{2) groups. 
B.l The Charged Sector 

We first consider the charged gauge boson sector. The mass matrix in this sector takes the 
form: 
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(B.3) 
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For a = this mass matrix can be diagonalized in terms of the mixing angle (pi^ given by 

90L 



sm (pL 



cos (pL 



91l + alh 



9lL 



all + all 



Recalhng the couphng ql, defined in Eq. ( p.l7|) , this imphes 

91 = goL cos (pL = 9iL sin (pi ■ 



(B.4) 



(B.5) 



For nonzero vacuum expectation vahie we can solve perturbatively in the small pa- 
rameter, 
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(B.6) 



There will be one light eigenstate, W^'^, which we will identify as the standard model W^, 
and two heavy eigenstates, W^'^ and W^^. To 0(0^), the masses are 
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(B.7) 



Expanding the gauge eigenstates in terms of the mass eigenstates, to 0(a), we obtain 
Wq^ ~ '^^^ (cos</>L + ^ sin 4(7!)^ sine/)/,) + W^^ (-sin^i + ^ sin 40/, cos (^l 
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B.2 The Neutral Sector 

The mass matrix for the neutral gauge fields takes the form: 
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-agoLgm 


9m 
[1 - a)gm.90R 



\ 

-agmgoR 
[1 - a)gmgoR 
am I 



(B.9) 
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For a = the mass matrix is block diagonal, so that the SU{2)ql x SU{2)il and the 
SU{2)qr X SU{2)iR sub-matrices can be diagonalized separately in terms of the angles (pL, 
defined in Eq. ( |B.4D , and (pR, defined similarly by 



sm (pR 



cos (f>R 



90R 



9oR + 9m 



9iR 



9m + 91r 



(B.IO) 
(B.ll) 



The angle (pR is related to the coupling qr, from Eq. ( 2.17 ), by 

9R = 90R cos (pR = giR sin (pR . 



(B.12) 



After diagonalizing the two sub-matrices, there are two massless neutral states, which 
correspond to the standard model W^'^ and -B'^. One linear combination of these is the 
photon, which is massless for arbitrary values of the parameter a. It can be separated out 
in terms of a third angle 6 (essentially the weak mixing angle), which is defined by 



sin( 



cos 9 



9R 



9l + 9l 



9L 



9l + 9l 



(B.13) 



The coupling to the photon is 

1 1 



1 



2 ~^ 2 

91 9r 



9oL 9iL 9oR 9iR 



(B.14) 



so that e = gL sin 6 = gR_ cos 9. 

For nonzero vacuum expectation value, there will be four neutral states: the photon 
yl^, which is exactly massless, the light eigenstate Z'^, and two heavy eigenstates, Zi and 
Zr. We can solve perturbatively in the parameter a for the masses and mixings of these 
states. To Oia?), the masses are 



Ml 



Mi 



(exact) 
2 

f 



\la{gl + g\) - a\gl + gl) (cos^ 2</>l + cos^ 2(Pr)] 



2 

f 
2 



^2 \ 



{9oL + 91l) - ^agl + a' ( {gl + gj^) cos^ 2ct>L + ^ j 



{9m + 9ir) - '^agj^ + ( {g'i + gj^) cos^ 2(pR 



a 



LR 



Ag^ 



(B.15) 



where we have defined for compactness: 



Glr = 90L91R sin (pL cos (pR + gugm cos (pi sin ( 

A 2 2 I 2 2 2 

^5 = 9oL + 9iL - 9m - 9iR ■ 



(B.16) 
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Expanding the gauge eigenstates in terms of the mass eigenstates, we obtain 

w3m ^ AUf ■ a A \ , 7H f a A , sin 4(/)L sin </>L 
A^^ (sm cos (pL) + cos 6 cos (pL + a 



V 4 cos 



, r^t, / ■ A , " • /lA A \ , f sin 4(f) ji COS 9 COS (f>L , GLijsin(/>i\ 
[- sm ./'L + ^ sm cos (^l ) + Z^^, i^-a ^— ^ + a j 

Wli « (sin sin c^,) + Z^' f cos 6 sin - g ^^^^^^'^^ ') 

\ 4 cos 6^ / 

, / A , " ■ • J, ^ , sin4(/>/jcos6lsin(/>L GLRCosct>L\ 
+Z2 [cos 4>L + ^ sm 40L sm ./-lJ + (^-a ^^r^^^ a j 

Wl^ « ^M(cos0sin,/.fi)+Z'^(^-sin0sin,/.fi + a^^^^^^^) (B.17) 

^/ sin4(^Lsin6lsin(/)R Glrcos0r\ , „^ / i, , " ■ ^ i, ■ i, \ 
^ V " 4«3s^ " j + 1^°^ + i ^'"^ ^'^^ ^'"^ ) 

B^^ « A'^ (cos e cos <Pr) + sin cos 0^ - a^^^^^^^) 

^/ sin40Lsin6'cos(/)i? GiRsinc/j/jX , „^ / • j, , ■ ^j, ^ 
+Z£ (^-o a j + Z^- sm + - sm 4(/)r cos </)r j , 

where the coefficients of are exact, while the other coefficients are correct to 0{a). 

C. Fermion Masses and Mixing in the Top Quark Sector 

The mass terms for the fermions can be obtained from Eqs. (|3.8|) and (3.12). We are 



assuming that A3 = 0, and that Ai and A2 are small for all fermions, except for the top 
quark. Thus, the only Yukawa coupling that is non-negligible is Ai for the top quark sector, 
and the only fermions for which there will be substantial mixing are in the top quark sector. 
In addition, this Yukawa term only mixes charge +2/3 quarks, so that we need only be 
concerned with them. 

There are nine charge +2/3 quarks of each chirality in the top quark sector. Their 
mass terms in the Lagrangian are 

/:top sector = -XAf ixl^xf + tM) - ^Bf [QfQ'i + xf xf ) 

-Ac/ [QfQf + xfxf + #f </'R + ^Lig) (C.i) 
-Ai/ {tie + ^ [Qf + xf)) (tic - ^ (Of + xf )) + h.c. , 

where s = sin {^/2\H\/f) and c = cos{^^2\H\/ f). The fields that come from the multi- 
plets are not mixed by the Ai Yukawa-term. They combine to form four Dirac states with 
masses Mc = ^cf- In addition, we can diagonalize one linear combination of each of the 
ip"^ and tp^ fields that do not appear in the Ai Yukawa-term. Introducing the new linear 
combinations, 

v2 
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tB 



X 



V2 



1 



X 



1 



IS 

is 
72 



K 



tA 



(C.2) 



we find that the Dirac field K^"^ = (Kjf-jK^j^) decouples with mass Ma = ^aI, and the 
Dirac field K^^ = {Kj^,Kj^) decouples with mass Mb = XbI- 

The remaining set of three left-handed and right-handed fermions mix with a mass 
lagrangian given by 



Aop mass = —TlMtopTR + h.C. , 



where 



Tl 









rpB 


, Tr = 











(C.3) 



(C.4) 



and 



M 



top 



\a 


—iXis^ 1 





As 





X 

^^72 



AiCa/1 



(C.5) 



V2 I 



A? 



X2 X2 



2 • 



This fermion mass matrix can be diagonalized with a biunitary transformation, VA4U^ . 
To simplify the following expressions, we recall the definition for the top Yukawa coupling, 
Eq. (13151) , 

\2 \2 

(C.6) 
(C.7) 

(C.8) 



We also define 



Al + Af 



Aa + A? - A| . 



Then, to 0{s'^), we obtain the mass of the light eigenstate (the top quark): 



m 



2 _ At/^ 2 



s^ + 



4X1X1 



4 f2-\ 



2X1 



and the masses of the heavy eigenstates: 



rriTA, = {X\ + Xl)f 



Xip^xlxif^ 



AA2 

v4 \4^2 



and 



+ 



rrirpBi = A^/^ -|- 



X'tP , ^tP ^%Kf' A^A^(A^-A^)/ 



4AiA? 



+ 



2X1 



(AA2)2 



2(AA2)2 



A|A|/' 
AA2 



s^ + 



AfiAj/ A^Ai(A^ - Ag)/ 
(AA2)3 ^ 2(AA2)2 



(C.9) 
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To C(s ), the left-handed gauge eigenstates in terms of mass eigenstates are 
-.A _ A «^ Af AfA| \ is A? Xi\Brj,Bi 



- ( ^ - 4 t - T J 71 ^ ^^^^^ ' ^'"^^ 

= ( 1 - - ^^t, + ^s^Tf , (C.13) 



2 (AA2)2 J ^ ^ AsAi AA2 

while the right-handed gauge eigenstates in terms of mass eigenstates are 

. A, / .^ Af(Af + 3Ai) \ A? 
= AT I' + T (A? + Ai)2 j *^ + AA^^« 



A. / XliXl + Xl) Ai(Af + 3Ai) 

2\2/\2 I \2\ „2\2/'\2 I Q\2 



^_ A, / .^ AKA^ + Aj) .^ AKA^ + 3Ai) \ 
Ai V 2 (AA2)2 + 4 (A? + A2)2 ^ 

A,/ «'Ai(A? + 3Ai)\ AiA^ 
+^ Al - T (Af + A^)2 J + AA^^« ' (^-^^^ 

- V^-y (AA2)2 A^(AA2) • ^^-^^^ 

D. Higgs Potential for small \H\/ f 

At small values of the Higgs field iJ, the one-loop Coleman-Weinberg potential can be 
expanded as 

V = m ^H^H + X{H^Hf + ■■■ , (D.l) 
where the coupling A will also have logarithmic dependence on H^H. Letting mP' = m^g^^^g^+ 

"ifermion. ^C have 

- ^{3M^..i(ln4-4)+Mi,|(ln^-l)} , (D.2) 
with M^^ = Ml = (^2^ + 5L)/V2, = and = {g^^ + glj,)f/2, and 



9 ^1/99 o OS / A2 1\ 2Mi A? M|,^ I ^ ^ 



ermion 



with Ml^ = (Ai + Xl)f and M^^ = A|/2. 

Expressing the (H^H)^ coupling as A = Agauge + Afermionj we have 



Agauge - < %L {9lL + 9ir) In ^ + ^2 _ ^2 



M2 



In 
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and 



"fermion 



+5(5oL+5oi?)(5?L+5?i?) In 



+9l 



In 



Ml 
Ml{H) 

L ^^^^ 



+ 



2{gl+gl)Ml^MlJp 



Ml 





Mi{H) 



ln(l 



+ 



+ 



2 m: 



fermion 



3/2 



2 



(D.4) 



AfA 



(D.5) 



where x = 1 — M^^/M^^. In addition, in the above formulae, we use the field-dependent 
masses for the light fields: M^{H) = gl{H^H)/2, M^{H) = {gl + g\){H^H)/2, and 



E. Fermion Sector with Complete 5*0(5) Multiplets and Decoupled SM 
Partners 

In order to probe the sensitivity of the model to UV completion of the fermion sector, 
we consider a modification that leaves the fermion contribution to the effective potential 
completely finite at one loop^. First, we make the fields i/j^ and into complete SO{5) 
multiplets by reinstating the missing SM partners, and m£, in Eqs. (|3.2| ) and (^.51). 
Then we decouple them by adding two new fermions, Q'^ and u'^ , which mix via large 
mass terms, 



AC, 



B„,fB 



(E.l) 



With this modification, the Dirac mass terms proportional to Xa and As of Eq. ( |3.8D now 
preserve both the S0(5)o and 50(5)i symmetries, since the Dirac fields V''^ and ip^ are in 
complete S0{5) multiplets. Instead, the collective symmetry breaking occurs through the 
Yukawa terms of Eq. ( 3.12| ), which break the SO{5)i symmetry, and the decoupling mass 
terms of Eq. ( |E.1| ), which break the 5*0(5)0 symmetry. However, these two symmetry- 
breaking terms contain no fermion fields in common; therefore, any one-loop diagram 
that contributes to the Higgs potential and breaks both 50(5) symmetries must contain 
Dirac mass insertions to mix the fermion fields (in addition to the two symmetry-breaking 
insertions). The requirement of the three separate contributions to the one- loop diagrams 
renders them completely finite. 



^We are grateful to an anonymous referee for suggesting this modification of the fermion sector. 
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With the modified fermion sector, the masses of all of the original eigenstates are un- 
changed, up to corrections of ©(/^/A'J ^). In addition, there are two new heavy eigenstates 
with Higgs-field-dependent masses given by 

Ml = A'l + Xlf + M^c^ + . . . . (E.2) 

where s = sin {V2\H\/f) and c = cos{V2\H\/ f), and we have neglected terms of 0{f^/A'^ ^) 
Including the effects of the heavy mass eigenstates in the Coleman- Weinberg effective po- 
tential gives a new contribution of 

AV,„..„„„ = -^/-A?.^ [2M (l„ I - i) - >:i (.n I - i) } . (E.3) 

Redefining A^ ^ = e~^/'^AA,B, we obtain 

Ayfermion = -Y|^/'A?s2|2A|ln^-Ailn|^| , (E.4) 

which is exactly the modified potential studied in section ^ As expected, the dependence 
on the UV cutoff A in Eq. (E^) exactly cancels with that from the other fermion fields, 
exchanging it for a dependence on the scales A^ and A^. 
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